Abstract-Stable octave-spanning supercontinuum (SC) in the mid-infrared (MIR) region finds extensive applications in spectroscopy, metrology, biochemistry, etc. The absorption of conventional silicon-or silicon oxide-dominated nonlinear media makes SC generation in MIR region technically challenging. In this paper, we propose ultrabroadband MIR-SC generation using a suspended germanium-membrane ridge waveguide. We theoretically showed that when pump pulses centered at 4.8 µm with pulse width at 180 fs and peak power at 800 W are injected into a 4-mm-long proposed ridge waveguide, the SC generated ranges from 1.96-12 µm (about 2.6 octaves), extending deep into the "fingerprint" region. The first-order coherence is calculated to confirm the stability of the generated SC. The performance of the SC-based frequency comb is also investigated by assuming a 100-pulses pump source at a repetition rate of 100 kHz. 
I. INTRODUCTION
R ECENTLY, there have been great interests in mid-infrared (MIR) supercontinuum (SC) generation because of both the technical breakthrough and significant applications in MIR spectroscopy, metrology, biochemical-sensing, etc. [1] - [3] . Two well-known windows important for spectroscopy applications, the functional group (2.5 ∼ 7.7 μm) and molecule "fingerprint" regions (7.7 ∼ 16.7 μm), lie in the MIR region. The molecular absorption spectra in these regions are derived from the fundamental vibrational frequency of the molecules. Especially within the "fingerprint" region, small change of the molecular structures will lead to significant change in the spectrum. Thus, stable broadband SCs covering these regions provide a useful tool to identify and analyze the molecular characteristics. In addition, temporal coherent and octave-spanning SCs can generate uniform and stable frequency combs, the carrier-envelope phase (CEP) of which can be stabilized by using f -2f self-referencing technique [4] , [5] . Such CEP-locked frequency combs will make possible applications, such as optical atom clocks [6] and optical rulers [7] . Group IV photonics materials, i.e. silicon (Si), germanium (Ge), and their derivatives, are suitable for MIR applications [8] , [9] . The transparency window of Si in the MIR region ranges from 2.2 to 8.5 μm, while Ge has wider transparency window from 1.5 to 14.3 μm. Propagation loss less than 2 dB/cm can be obtained within the transparency windows [8] . In addition, Si and Ge have much larger linear (about 2.4 ∼ 2.7 times) and nonlinear refractive indices (about 2 ∼ 3 orders of magnitude) than conventional nonlinear materials (e.g. silica), which allows tighter mode confinement inside the waveguide cores, stronger nonlinear interaction within short waveguide lengths, and lower power threshold of nonlinear interaction [9] - [11] . Moreover, Group IV photonics materials are compatible with the complementary metal oxide semiconductors (CMOS) process. Thus onchip mass manufacturing of low cost compact Si and Ge based photonic devices is feasible. Conventional silicon-on-insulator (SOI) waveguides have been extensively studied to generate octave-spanning SCs in the near-infrared (NIR) and shallow MIR regions, e.g. SC with a bandwidth of 2.1 μm spanning 1.5 ∼ 3.6 μm [12] and a bandwidth of 1.8 μm spanning 1.5 ∼ 3.3 μm [3] in SOI strip waveguides, a bandwidth of 2.25 μm spanning 0.585 ∼ 2.833 μm in silicon nitride slot waveguide [9] , and a bandwidth of 1.271 μm spanning 0.673 ∼ 1.944 μm [13] . However, it is difficult to extend the SCs generated in conventional SOI waveguides deeper into the MIR region because the transparency window of the silicon oxide substrate is limited to 3.6 μm. Silicon-on-sapphire (SOS) waveguides have been developed to extend the SC to wavelength ∼6 μm [14] , which is the upper transparency boundary of sapphire. Further extension of the upper wavelength limit to ∼8 μm was obtained by using SOS pillar waveguides with T-and L-like structures to prevent light from leaking into the sapphire substrate [15] . However, since the transparency window of Si is limited to 8.5 μm, it is not possible to generate SCs which can significantly cover the "fingerprint" region with conventional Si-based waveguides.
Germanium, as another important branch of Group IV photonics materials, has larger Raman gain coefficient (about 4.5 times) [16] , linear (about 1.2 times) [17] , [18] and nonlinear refractive indices (about 7 ∼ 8 times) [8] , [15] , [17] than Si. More important, the transparency window of Ge covers most of the "fingerprint" region. SC generation in Si-Ge alloy has been reported, but it is still limited in deep MIR operating at wavelength larger than 8.5 μm owing to the presence of Si [19] . To date, there is only one report on the generation of MIR-SC with crystalline-Ge based waveguide [20] . A 1.34 μm wide SC spanning 3.43 ∼ 4.77 μm was obtained using a 2 × 2 μm 2 Ge-on-Si strip waveguide. However, light leakage into the Si substrate at deep MIR region seems inevitable because the refractive index difference between Si and Ge is relatively small, e.g. only 1.2 times at 10 μm [9] . Thus, it would be difficult for this waveguide structure to support efficient SC generation in the "fingerprint" or even deeper MIR region. Finally, we note that chalcogenide glasses, e.g. arsenic sulfide/ selenide, Ge-doped arsenic sulfide/ selenide , etc., also show wide transparency windows that are comparable with Ge. SCs extending deeply into the MIR region using the chalcogenide glass waveguides have been reported [21] - [25] . But, the linear and nonlinear refractive indices of chalcogenide glasses are intrinsically much smaller than that of Ge [9] , [26] , [27] , which would lead to larger cross-sections for mode confinement and stronger energy for the same level nonlinear interaction. Typically, the peak power threshold of several thousand of watts are required to incident into a cross-section of more than a dozen of square microns for deep MIR-SC generation using chalcogenide glass waveguides, thus making the SC generator relatively not compact or power-saving. The requirement of MIR pump source would also be more critical. Therefore, how to take full advantage of Ge while overcoming the limitation on transparency imposed by Si for efficient SC generation with relatively low power consumption extending deeply into the MIR "fingerprint" region and beyond remains challenging.
In this paper, we propose a suspended Ge-membrane ridge waveguide to generate octave-spanning MIR SC that extends deeply into the "fingerprint" region. The primary light-guiding region of the Ge channel is suspended above the Si substrate with 
an air gap layer so that light cannot leak into the Si substrate even at wavelength of 12 μm. Thus, the transparency limitation of Si is eliminated. Meanwhile, since the Ge channel is aircladded, the proposed waveguides have a much higher refractive index contrast than Ge-on-Si waveguides. The resulting strong mode confinement of the proposed waveguide means a relatively compact structure can be fabricated. The waveguide dimension is carefully designed to obtain the expected dispersion and nonlinear characteristics. The SC and SC-based frequency comb generation in the proposed waveguide are numerically studied with a full model which includes the contributions of high-order nonlinear susceptibility (χ (5) ), nonlinear absorption, and Raman scattering. Fig. 1(a) shows the cross-section of the proposed suspended Ge-membrane ridge waveguide. The Ge layer is suspended above the Si substrate with a large air gap. The top of the Ge layer is over-etched to form the membrane ridge structure. The width and height of the ridge core are W and H 1 , respectively, while the height of the membrane layer is H 2 .
II. WAVEGUIDE DESIGN
The dispersion characteristics of the proposed waveguide for different geometrical parameters are investigated by using the full vector finite element method (FVFEM). Figs. 1(b) , (c), and (d) show the maps of the calculated group velocity dispersion (GVD) coefficient (β 2 ) for the quasi transverse electric (TE) polarization as a function of wavelength when W, H 1 , or H 2 is varied, while the other two parameters are kept constants. The thickness of the air gap is fixed at 2 μm to provide wide enough space between the Ge and Si layers. We observe that in all three cases, two zero dispersion wavelengths (ZDWs) along with a wide anomalous dispersion region can be obtained within the wavelength region of 2 ∼ 10 μm. We note that the ZDW at the right hand side (longer wavelength) can be red-shifted by increasing either W, H 1 , or H 2 , but the ZDW at the left hand side (shorter wavelength) can be red-shifted by changing H 2 only. Since we want to generate SC which extends deeply into the "fingerprint" region, the ZDW at the left hand side should be located at as long a wavelength as possible so that the pump light could be launched at longer wavelength while remaining close to the ZDW. This can be achieved by carefully selecting H 2 . We also note that when W or H 1 increases, the strength of the GVD coefficient β 2 in the anomalous dispersion region increases, which is not beneficial to the spectral broadening of SC generation. Moreover, increase in W, H 1 , or H 2 will increase the effective mode area, which will weaken the nonlinear interaction for the same waveguide length and power level.
From the above analysis, the geometrical parameters in this work are chosen as W = 1.8 μm, H 1 = 0.5 μm, and H 2 = 1.2 μm, respectively. Fig. 2 (a) shows the calculated β 2 for the quasi-TE polarization as a function of wavelength. The wavelength dependence of the material refractive indices of both Ge [9] and Si [9] , [28] are considered in the determination of the dispersion characteristic. Two ZDWs located at 3.84 and 7.92 μm are obtained, along with a wide anomalous dispersion region of 4.08 μm. Fig. 2 (a) also shows the effective mode areas of A 3 , A 5 , and A R with respect to the third-order nonlinear susceptibility χ (3) , fifth-order nonlinear susceptibility χ (5) , and Raman scattering, respectively, are given by [20] , [29] , [30] ,
where E(x, y) and H(x, y) are the vector electric and magnetic field profiles of the quasi-TE polarization, e z is the unit vector in the positive z-direction, Z 0 = 377 Ω is the free space wave impedance, n Ge is the material refractive index of Ge, D total and D Ge represent integrals over the whole cross-section and the Ge region, respectively. Fig. 2 (b) shows the distributions of electronic fields for quasi-TE polarization at 2, 5, 8, and 12 μm, respectively. We observe that the mode field can hardly leak into the silicon layer even at 12 μm.
III. MODELING
We model the evolution of ultra-short optical pulses propagating inside the proposed waveguide with the generalized nonlinear Schrödinger equation (GNLSE), which includes the contributions of χ (3) , χ (5) , and Raman scattering,
where ψ(z, t) is the slowly varying envelope of the optical field, t is the time retarded by the phase velocity delay z/v g induced by the group velocity v g , α l is the linear loss coefficient,
R are the real parts of the nonlinear coefficients with respect to χ (3) , χ (5) , and Raman scattering, while n (i−1) are the corresponding nonlinear refractive indices with n (R −1) = n 2 . β 3PA is the three-photon absorption (3PA) coefficient with respect to the imaginary part of χ (5) . The two-and four-photon absorptions are neglected in Eq. (4) because they do not play a dominant role when compared to β 3PA within the wavelength region considered [16] , [20] . The parameters σ = 5.7942 × 10 −22 (λ 0 /λ ref ) 2 and ξ = −2.2577 × 10 −26 (λ 0 /λ ref ) 2 are the free carrier coefficients corresponding to the free carrier absorption (FCA) and free carrier dispersion (FCD) effects, where λ 0 is the pump wavelength and λ ref is the reference wavelength of 4 μm [20] . N c (z, t) is the free carrier density given by,
where τ life is the effective carrier life, is the reduced Planck constant, and f 0 = ω 0 /2π is the center frequency. The time derivative terms in the right hand side of Eq. (4) represent the self-steepening effect and optical shock formation. We take into account the wavelength dependence of the nonlinear refractive indices, the effective mode areas, and the 3PA coefficients by using the full optical shock terms. The parameters of the optical shock terms τ j , j = 3, 5, R, and 3PA, are defined
by [20] , [31] , [32] ,
The integral term in the right hand side of Eq. (4) includes the contribution of the intra-pulse Raman scattering. h R (t) is the Raman response function which is obtained by fitting the experimental stimulated Raman gain spectrum of Ge in literature [33] with a Lorentzian shape. The corresponding Fourier transform H R (Ω) of h R (t) is given by,
where Ω R /2π = 9.02 THz is the Raman shift, Γ R π = 216 GHz is the bandwidth of Raman gain spectrum. f R is the fractional contribution of the nuclei to the total nonlinear polarization, which can be calculated from
is Raman gain coefficient of Ge, which can be obtained from [16] .
IV. PERFORMANCE AND DISCUSSION
The performance of SC generation inside the proposed waveguide is studied by solving the GNLSE with the split-step Fourier method. A hyperbolic secant shape pulse centered at 4.8 μm is used as the pump source. Such MIR optical pulsed sources are feasible from reported works [2] , [34] , [35] . The linear loss is composed of the intrinsic material loss and the confinement loss of the waveguide. The material loss is chosen as a constant of 2 dB/cm since Ge is transparent within the wavelength regions considered [8] , [9] . The confinement loss is calculated by modal analysis using the FVFEM. We find that 99.7% of the total optical energy is confined in the Ge layer when the wavelength is 2 μm, which corresponds to the confinement loss of only 0.01 dB. However, 96.9% and 76% of the total energy can still be confined in the Ge layer at 4.8 and 12 μm, respectively, corresponding to the confinement losses of 0.14 and 1.2 dB, respectively. We take into account the wavelength dependence of the confinement loss in our simulation by Taylor expansion of the linear loss coefficient to α l = α l (ω 0 ) + ∂α l /∂ω(ω − ω 0 ) at the reference frequency ω 0 [32] . The nonlinear refractive indices n 2 and n 4 of Ge are obtained by fitting the results in [9] , [16] , and [20] to be β 3PA = 0.005 cm 3 /GW 2 , and its wavelength dependence is obtained by fitting the results in [20] , [36] . The Raman gain coefficient at 4.8 μm is about g R = 19 cm/GW, which gives f R = 0.076 [16] . The dispersion parameters are considered up to the eleventh order. Comparing the dispersion effect calculated using the full dispersion coefficients shown in [28] and that using up to the eleventh order dispersion coefficients, the maximum deviation is less than 2.6% in the wavelength region considered. We have repeated some runs of SC simulations using the two different approaches and did not find any significant difference in the final results. The propagation length is fixed at 4 mm. Figs. 3(a)-(c) show the spectral evolutions of the pump pulse with a pulse width (FWHM) of 180 fs inside the 4-mm long proposed waveguide when the input peak power P 0 are 200, 500, and 800 W, respectively. The instantaneous spectral profiles at the output of the waveguide are also illustrated at top of the evolution diagrams. Figs. 3(d)-(f) show the corresponding temporal evolutions and the instantaneous temporal profiles.
For SC generation with the pump source operating in the anomalous dispersion regime, soliton fission and dispersive wave generation make significant contributions to the SC broadening. The soliton fission process can generate several funda- Fig. 3(d) . Also, we note that dispersive wave around 2.44 μm emerges at the propagation length of about 2 mm because of the resonance-matching between the soliton and dispersive wave. The generated dispersive wave further undergoes the Kerr nonlinear interactions, thereby contributes to the SC broadening in the normal dispersion regime of the anti-Stokes side. We use the −40 dB bandwidth to quantify the SC generated, which can be measured using current MIR spectrograph devices [14] , [21] , [24] , [37] . The −40 dB bandwidth obtained in Fig. 3(a) is about 4.6 μm covering from 2.28 to 6.88 μm, which spans almost 1.6 octaves. When P 0 increases to 500 W, the soliton order increases to N = 7.5. It is observed that the energy in the normal dispersion regime of the Stokes side is excited because of the contribution of Kerr nonlinear interaction and the dispersive wave generation at the Stokes side. Fig. 3(b) shows that the −40 dB bandwidth is about 5.57 μm covering from 2.12 to 7.69 μm. When the input peak power is further increased to 800 W, much stronger excitation of the spectral intensity are obtained. Fig. 3(c) shows that the −40 dB bandwidth covers from 1.96 to 12 μm, which spans 2.6 octaves. The gap close to 8 μm is mainly caused by the phase perturbation induced by the existence of the ZDW at the Stokes side.
In order to investigate the effects of 3PA and n 4 , i.e. the contributions of the imaginary and real parts of χ (5) nonlinearity, we study the SC generation with and without the presence of β 3PA or n 4 in addition to the χ (3) nonlinearity and dispersion effects. The pump pulse is assumed to have a FWHM of 80 fs and an input peak power of 500 W. Fig. 4(a) shows the generated SC profiles under different conditions. We observe that the 3PA effect and the corresponding 3PA-induced free carrier effects degrade the broadening of the SC. In contrast, the effect of n 4 shows positive enhancement to the SC broadening. Fig. 4(b) shows the −40 dB bandwidth of the generated SCs as a function of the input peak power under different conditions. We observe that the case with only the effect of n 4 generates the broadest spectrum, which reaches 5.98 μm at 500 W. When both n 4 and 3PA are considered, the bandwidth is reduced to ∼5.87 μm because of the negative contribution of 3PA. The case with only the 3PA effect shows the narrowest bandwidth of 5.46 μm, which has a bandwidth penalty of 0.52 μm compared to that with n 4 only.
Additional loss will be induced in practice because of fabrication defects, e.g. the roughness of the waveguide sidewall and the trapezoidal rather than rectangular cross-sections. For simplicity, we assume the fabrication loss is wavelength independent and simulate the fabrication loss by increasing the material loss α M . Fig. 4(c) shows the SCs generated with all the nonlinear effects considered when α M is increased from 4 to 12 dB/cm. The parameters used are the same as that in Fig. 4(a) . We find that the increase in loss mainly degrades the SC generated at the longer wavelength side. Fig. 4(d) shows the −40 dB bandwidths of the SCs at different α M . The bandwidth decreases non-linearly with the loss. When α M is 4 dB/cm, the bandwidth is 5.26 μm, which is 0.61 μm less than that at 2 dB/cm. In comparison, the decrease in bandwidth between α M = 10 and 12 dB/cm is only 0.08 μm. The coherence of the SC is studied by calculating the firstorder coherence of the generated spectra, which is given by [32] , [38] ,
whereψ(λ) is the spectral amplitude of the generated SC with random noise seeds. The angular brackets represent ensemble average over the adjacent pairs of SC spectra generated from a large number of simulations. The additive random noise is given by n = ηN exp(i2πÛ ). Here,N is a normally distributed random variable with mean 0 and standard deviation 1,Û is a uniformly distributed random variable between 0 and 1, and η is the noise factor denoting the amplitude of the noise relative to the pulse amplitude. The coherence is calculated for different FWHMs of the pump pulse, i.e. 80, 200, and 320 fs, but the same peak power of 800 W and waveguide length of 4 mm. The 100 shot-to-shot spectrum pairs are used for the estimation. , and 320 fs, respectively. We observe that the SC spectra are significantly broadened when the pulse width is increased because of the increase in the soliton order N as a result of the increase in the dispersion length L D . Also, the energy of the pump is effectively increased so that more solitons can be red-shifted. The spectral valley beyond 8 μm in Fig. 5(a) is filled up in Fig. 5(b) . On the other hand, the spectral gaps in Fig.  5(b) are further excited when the FWHM is increased to 320 fs, as shown in Fig. 5(c) . In contrast, the coherence exhibits an almost completely opposite trend. As shown in Figs. 5(d)-(f) , which are obtained at the same noise factor η = 10 −2 , the coherence degrades obviously when the pulse width is increased. It is because an optical pulse with a larger temporal pulse width generally has a smaller spectral bandwidth. Thus, the average noise intensity covering the bandwidth considered is increased compared to the cases with shorter pulse widths, which leads to more severe spectral instability. Similar phenomena are observed in Figs. 5(g)-(i) , where the noise factor is η = 10 −3 . As expected, the coherence performances at η = 10 −3 are all better than the corresponding ones at η = 10 −2 . For instance, the coherence shown in Fig. 5(g ) is close to unity within 2 ∼ 12 μm except several isolated points of degradation. The points of degradation in general occur at the spectral regime with large extinction ratio, where the phases of the spectra change severely. Fig. 5(h) shows that the coherence is close to unity within 3.1 ∼ 3.8, 4.3 ∼ 6.2, and 7.9 ∼ 11.6 μm at the FWHM of 200 fs. The last wavelength region locates in the "fingerprint" region with a bandwidth of 3.7 μm. Fig. 5(i) shows that when the FWHM is increased to 320 fs, the coherence is smaller than unity in most of the wavelength regions even at η = 10 −3 . Therefore, there is a tradeoff between the degree of broadening and coherence of the generated SC when choosing the pump sources. In addition, the selection of waveguide length also induces similar tradeoff. High degree of coherence generally occurs when the waveguide length just passes the soliton fission length. Additional waveguide length could lead to increase in the spectral bandwidth at the expense of coherence.
The weighted degree of coherence is used to quantitatively estimate the averaged coherence within the whole spectral range of the SCs generated, which is given by [38] , [39] ,
2 is the ensemble average of the spectra obtained with different noise seeds. Fig. 6(a) shows the calculated R as a function of log(η) at pump pulse widths of 80, 200, and 320 fs, respectively. For the 320 fs pump pulse, R is close to unity until the log(η) reaches −3.7, and quickly degrades to about 0.3 when log(η) is increased to −1. In comparison, the 200 fs pump pulse shows a slower degradation rate. When the log(η) is −3, the R value of the 200 fs pump pulse is as large as 0.97. The 80 fs pump pulse shows a better noise tolerance, its R value remains unity until log(η) = −2.3. To clearly show the values that are close to unity in Fig. 6(a) , we plot K = log(1 − R) in Fig. 6(b) . The log(η) penalty between 80 and 320 fs pump pulses increases when log(η) decreases and reaches up to 1.6 at K = −4. Fig. 7(a) shows the SC-based frequency comb generated in the proposed waveguide by assuming a pump pulse train with FWHM of 180 fs and peak power of 800 W. The pump pulse train includes 100 pulses with a repetition rate of 100 kHz. In order to clearly show the comb structure, the zoom-in view of two randomly chosen spectral regions locating at A (51.7 THz/5.8 μm) and B (29.8 THz/10.1 μm) are shown with a sampling bandwidth of 500 kHz in Figs. 7(b) and (c), respectively. The comb line structure can be clearly seen in both of the zoom-in view with a frequency interval of 100 kHz. The extinction ratios of the comb lines are found to be not less than 30 dB, which are estimated by the amplitude difference between the peaks and bottoms of each individual comb line.
Figs. 8(a)-(e) show a possible fabrication process of the designed waveguide. First, the Ge layer is grown on a Si substrate by using atmospheric chemical vapor deposition [40] . The formed die is then inverted carefully ( Fig. 8(a) ). Traditional optical lithography with plasma reactive-ion dry etching is used to form the suspended trench ( Fig. 8(b) ). The etched die is directly bonded onto the Si wafer by using the hydrophobic bonding techniques (Fig. 8(c) ). Detailed bonding process can be found in literature [41] . Finally, a metal mask, which is patterned by i-line lithography and lift-off, is used to define the ridge structure [42] . The over-etching of the Ge layer is accomplished by a CF 4 :O 2 plasma etching, and the metal mask is removed by hydrofluoric acid dip (Fig. 8(d) ).
V. CONCLUSION
In summary, we propose a stable octave-spanning MIR-SC and SC-based frequency comb generation using a suspended Ge-membrane ridge waveguide. The generated SC can extend deeply into the application-rich "fingerprint" region, which is hard to be achieved with conventional silicon-or silicon oxidedominated waveguides. Fabrication of the proposed waveguide is CMOS compatible so that future applications with on-chip mass manufacturing and interconnection are feasible. The performances of the SCs are studied at different pump peak powers and pulse widths. When 180 fs pulses are used to pump at 4.8 μm with 800 W peak power, the generated SC in 4 mm of the proposed waveguide can cover 1.96 ∼ 12 μm in the MIR regions, which spans 2.6 times of an octave. The coherence of the SCs is also investigated at different pulse width by calculating the first-order coherence with 100 shot-to-shot spectrum pairs perturbed by random noise. It is found that the coherence remains unity in most of the spectral regions, including the covered "fingerprint" region, even at pulse width of 200 fs when the noise factor is 10 −3 . In addition, SC-based frequency combs are achieved by assuming a pump pulse train containing 100 pulses at a repetition rate of 100 kHz. The comb line structure can be clearly seen in zoom-in view randomly chosen in the spectra. The frequency interval of the comb lines is 100 kHz and the extinction ratios of all the individual comb lines are not less than 30 dB. Thus, the proposed SC-based frequency comb is suitable for high-precision applications. The proposed waveguide structure paves the road for the exploration of on-chip MIR-SC generation deep into the "fingerprint" region, which would be of interest to applications such as spectroscopy, metrology, biochemistry, etc. She is also a Hong Kong Scholar at the Photonics Research Centre, Department of Electronic and Information Engineering, The Hong Kong Polytechnic University. Her research interests are focused on high-speed optical communications, short reach communications, and digital signal processing. He is currently a Professor at South China Normal University, Guangzhou, China. His current research interests include the photonic crystal fibers and optoelectronic devices.
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